In the framework of Heisenberg picture, an alternative derivation of reduced density matrix of a driven quantum system interacting with its environment is presented. To illustrate the approach, the Hamiltonian of a dissipative quantum oscillator under the influence of an external source is investigated. The reduced density matrix for different initial states of the combined system is obtained from a general formula, and different limiting cases are studied. Exact expressions for the corresponding characteristic function in quantum thermodynamics and Wigner quasi distribution function are found. The process of derivation reveals that it can be applied to a general Hamiltonian where exact or approximate expressions for time-evolution of dynamical observables of the main subsystem are given in Heisenberg representation. Introduction.-Experimental techniques in design and manufacturing nano scale devices to be applied in quantum technology have considerably improved and reached a high level of accuracy in recent years. The functions of these devices being working in quantum domain are so sensitive to external sources and noises that a precise theoretical understanding of their function is vital to controlling and correcting unwanted behaviours. These devices or systems belong to a wider class of quantum systems interacting with their environment known as open quantum systems [1] .
In the framework of Heisenberg picture, an alternative derivation of reduced density matrix of a driven quantum system interacting with its environment is presented. To illustrate the approach, the Hamiltonian of a dissipative quantum oscillator under the influence of an external source is investigated. The reduced density matrix for different initial states of the combined system is obtained from a general formula, and different limiting cases are studied. Exact expressions for the corresponding characteristic function in quantum thermodynamics and Wigner quasi distribution function are found. The process of derivation reveals that it can be applied to a general Hamiltonian where exact or approximate expressions for time-evolution of dynamical observables of the main subsystem are given in Heisenberg representation. Introduction.-Experimental techniques in design and manufacturing nano scale devices to be applied in quantum technology have considerably improved and reached a high level of accuracy in recent years. The functions of these devices being working in quantum domain are so sensitive to external sources and noises that a precise theoretical understanding of their function is vital to controlling and correcting unwanted behaviours. These devices or systems belong to a wider class of quantum systems interacting with their environment known as open quantum systems [1] .
The subject of open quantum systems covers a wide range of applications in quantum physics due to the fact that no quantum system can be completely isolated from its environment. An important paradigm of an open quantum system is the quantum Brownian motion [2, 3] which has been investigated extensively by different approaches [4] [5] [6] [7] [8] and appears in miscellaneous problems in physics and chemistry [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Generally, the Hamiltonian of an open quantum system consists of three parts, Hamiltonian of the main system H S , Hamiltonian of the environment H R and the interaction Hamiltonian H SR . The main ingredient in the context of open quantum system theory is the reduced density operatorρ S (t) describing the main system under consideration. This operator is obtained by tracing out the environmental degrees of freedom of total density matrixρ(t) describing the combined system. Knowing the explicit form of the reduced density matrix, a complete description of quantum dynamics of the main subsystem is achievable.
Another issue that should be taken into account while investigating the thermodynamical properties of nanoscale devices working at quantum regime is the significance of quantum fluctuations that may lead to a reconsideration of thermodynamical laws. Therefore, a precise investigation of the relation between thermodynamics and quantum mechanics is unavoidable and has opened a new issue nowadays referred to as quantum thermodynamics [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] .
Our aim in the present letter is to introduce an alternative derivation of reduced density matrix of a driven quantum system interacting with its environment in Heisenberg representation. The process of derivation reveals that it can be applied to a general Hamiltonians where exact or approximate expressions for time-evolution of main dynamical observables are given in Heisenberg picture. To illustrate the approach, we have considered here the Hamiltonian of a driven quantum oscillator interacting with its environment given in Eq. (1). The main result of this investigation is the general formula Eq. (14) and its particular form Eq. (18) from which exact results can be extracted for different initial states of the combined system or for different limiting cases. Due to the important role played by the characteristic function in quantum thermodynamics, an exact expression for this function is given in Eq. (43) and its limiting cases are also considered. In the following, the change of basis from discrete number states to continues position states is considered and exact Wigner quasi distribution function corresponding to the reduced density matrix is found.
Basics.-Here the complex conjugation of an arbitrary c-valued quantity z is denoted byz, its complex norm by |z| and Laplace transform of an arbitrary function
. The Hamiltonian that we have considered here is the Hamiltonian of a dissipative quantum harmonic oscillator under the influence of a classical external source given by
where f j 's are coupling constants coupling the oscillator to its environment and K(t)) is an arbitrary time-dependent classical external source. Our aim is to find the exact reduced density matrix of the oscillator as the main subsystem in an alternative simple and efficient way. For this purpose, we first find the time-evolution of the oscillator ladder operators in Heisenberg picture as [31] 
where we have defined
From Eqs. (2) and [â(t),â † (t)] = 1 we deduce
Matrix elements of the reduced density matrix.-Let us assume that the initial density matrix (ρ(t = 0)), of the oscillator and its environment is a separable stateρ(0) =ρ S (0)⊗ρ R (0). Then, the total density matrix at an arbitrary time t isρ
where the unitary operatorÛ (t) is the evolution operator of the combined system. The reduced density matrix of the oscillator can be obtained by tracing out the environment degrees of freedom ofρ(t) asρ s (t) = Tr R {ρ(t)}. For the matrix elements of the reduced density matrix in the basis of number states we have
where Tr S denotes trace over oscillator degrees of freedom, Tr denotes the total trace and I R is identity operator over the environment Hilbert space. In Eq. (6) we have defined
with the following properties [31] ∞ n=0Q nn (t) = 1,
Eq. (7) can be rewritten in terms of the Heisenberg operators as [31] 
and plays a fundamental role in what follows. Now we can rewrite Eq. (6) as
on the other hand, from Eq. (2) we have
and similarly
where for convenience we definedB
By inserting Eqs. (11, 12) into Eq. (10) we find
Eq. (14) is the most general formula for the components of the reduced density matrix in the basis of number states.
In order to proceed, we assume that the initial state of the environment is a thermal Maxwell-Boltzmann state defined byρ
where β = 1/k B T , k B is the Boltzmann constant, T is the temperature of the environment and Tr j is the trace operator in the Hilbert space of the jth oscillator in the environment. By making use of the generating function method it can be proved that [31] Tr
Therefore,
Eq. (18) is the main result of this section. In the last line of this equation the trace operator acts on subsystem operators at initial time t = 0 that can be achieved straightforwardly. In the rest of this letter we will extract different physical results from Eq. (18) by considering different initial states or conditions on the total Hamiltonian given in Eq. (1).
Oscillator is initially in a coherent state.-In this case we haveρ s (0) = |α α|, therefore,
which is an exact expression suitable for both analytical and numerical calculations. Let us consider some limiting cases. In low temperature limit (β → ∞), using Eq. (17) we have η(t) → 0, therefore, by setting η(t) = 0 in Eq. (19) we obtain
By setting n = m in Eq. (20) we find the probability of finding the system in number state |n
which is a Poisson distribution with mean number parameter
Oscillator is initially in a number state.-In this case we haveρ s (0) = |k k|, sinceρ s (t) is a hermitian operator we can write n|ρ S (t)|m = m|ρ S (t)|n , therefore, if we assume m ≥ n we will obtain [31] n|ρ S (t)|m = (ζ)
where r min = max(s + n − k, 0). By setting n = m, we can find the probability of finding the oscillator in state |n at time t knowing that it was initially prepared in state |k
In zero temperature limit, Eq. (24) reduces to
For k = 0, the initial state is the vacuum state |0 that is a coherent state, in this case r min = s + n and Eq. (25) reduces to
which is a poisson distribution that could also be found from Eq.(21) by setting α = 0. Note that in large-time limit |G(t)| → 0 and the non vanishing terms in Eq. (25) are obtained by setting r = s + n leading to the same equation Eq. (26) due to the fact that in large-time limit oscillator will decay to its vacuum state.
Expectation values.-Let F (â † (0),â(0)) be an arbitrary function in terms of the oscillator ladder operators at the initial time t = 0. The expectation value F t at arbitrary time t is [31] 
As an example, let F = ω 0 (â †â +ââ † )/2 then from Eqs.(2) the energy of the oscillator at an arbitrary time is
leading to a probabilistic interpretation of Eq. (4).
The dissipation can be ignored and coupling to external source is strong: In this case the coupling constants f j are zero and from definitions Eqs. (3) we haveχ
To proceed let the initial state of the oscillator be the coherent stateρ S (0) = |α α|, then from Eq. (18) we have [31] 
and the diagonal elements are given by
which is a Poisson distribution function with mean value
The external source is switched off.-Now let the initial state be the number stateρ s (0) = |k k| with zero coherency. In the absence of a driving force (ζ(t) = 0), we set u = r, n = m in Eq. (74) and find
Therefore, the evolved reduced density matrix has remained diagonal with zero coherency and diagonal elements are given by
In low temperature limit, we set r = 0 in Eq. (34) and find
which is a binomial distribution with parameter |G(t)| 2 . The Heaviside step function in Eq. (35) is defined by
and shows that only transitions to lower energy levels (k ≥ n) are possible. Now let the initial state be a coherent stateρ s (0) = |α α|, and the preferred basis be the number states, then in the absence of external source (ζ(t) = 0), we set p = r = u in Eq. (19) and with no loss of generality we can assume m ≥ n, therefore,
From Eq. (37) it is seen that the coherency of the density matrix vanishes at large-time limit since the non-diagonal elements tend to zero in this limit [31] . In low temperature limit Eq. (37) reduces to
and the probability of finding the oscillator in the number state |n is a Poisson distribution
Quantum thermodynamics. The Characteristic function.-Let P (Q, t) be the probability distribution that up to time t the oscillator has absorbed or emitted the amount of energy Q. Let the oscillator initially be prepared in a number stateρ s (0) = |k k|, then P n (0) = n|k k|n = δ n,k , and the probability distribution is
where E n = n ω 0 is the spectrum of the free oscillator. The characteristic function is defined by the Fourier transform
from which moments of Q can be found as
By inserting Eq. (40) into definition Eq. (41), we find
where the explicit form of the transition probability P ζ =0,T =0 k→n (t) is given in Eq. (24) . Regarding the particular algebraic form of Eqs. (24) and (43), exact numerical results can be found using numerical algorithms.
In low temperature limit, by inserting Eq. (25) into Eq. (43), we obtain
In the absence of external source (ζ = 0), we set r = 0 in Eq. (44), and find [31]
By inverting the Fourier transform Eq. (41), we find the distribution function of energy loss as
where · · · binomial , means taking average with respect to the binomial distribution Eq. (35).
Thermal equilibrium.-In the absence of an external source (ζ = 0) the oscillator tends to an equilibrium state in large-time limit for arbitrary initial state. This can be easily deduced by setting r = p = u, (m ≥ n) in Eq. (18), we have
in large-time limit we have |G(t)| → 0, leading to [31] 
which is a thermal state with mean number n = η(t).
Change of basis and Wigner function.-The components of the reduced density matrix in the continuous position basis{|x } are
where ψ n (x) is the nth eigenvector of the free oscillator Hamiltonian. The Wigner quasi distribution function is defined by
.
As a special case, let the initial state of the oscillator be the number stateρ S (0) = |k k|, and the external source be switched off, then
where
is the Wigner function corresponding to the pure state |n n|. From Eq. (50) it is seen that the quasi distribution function W is the average of quasi distributions W n with respect to the probability distribution P ζ=o,T =0 k→n . In low temperature limit, using Eq. (35), we find
Conclusions.-An alternative derivation of reduced density matrix is presented for a class of Hamiltonians described by a set of dynamical observables interacting with an environment and possibly with some external sources. This approach is based on explicit expressions of Heisenberg observales of the main subsystem under consideration. If Heisenberg equations of motion can be solved exactly then an exact derivation of reduced density matrix can be achieved, otherwise, perturbative approaches may be applied. To illustrate the approach, we have considered an important paradigm of such a system where a driven quantum oscillator is interacting with its environment linearly. A general formula is derived from which exact expressions for the reduced density matrix for different initial states of the combined system are obtained easily. The algebraic form of the results obtained here are suitable for both analytical and numerical calculations due to their simple algebraic form and convergence conditions. Due to the important role played by the characteristic function in quantum thermodynamics, an exact and general expression for the characteristic function is found. Finally, by changing the preferred basis from the discrete number states to continues position states, Wigner quasi distribution function is found. From Hamiltonian Eq.(1) and Heisenberg equations of motion forâ andb j we havė
By inserting the solution of Eq.(54)
into Eq.(53), we findȧ
where the response function of the medium is defined by
By taking the Laplace transform of both sides of Eq. (56) we obtaiñ
and by taking inverse Laplace transform we finally find
with the hermitian conjugationâ † (t) =Ḡ(t)â
B. Derivation of Eqs. (7):
C. Derivation of Eq. (8):
On the other hand [32] |0 0| =
by inserting Eq. (65) into Eq. (64) we deducê In large-time limit, we have G(t) → 0 and for the non diagonal matrix elements of the reduced density matrix (n = m) we easily see that the maximum degree of G(t) in denominator is smaller than its degree in numerator, since 2r = 2(s + min(m, n)) < 2s + m + n, (m = n),
therefore, the non diagonal elements tend to zero and accordingly there is no coherency in the preferred number basis |n .
I. Derivation of Eq. (43):
By setting r − 0 in G(ν, t) and the fact that n ≤ k, we have G(ν, t) = 
